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THEORETICAL ANALYSIS OF THE LONGITUDINAL BEHAVIOR OF AN
AUTOMATICALLY CONTROLLED SUPERSONIC INTERCEPTOR
DURING THE ATTACK PHASE'!

By Oroway B. Gares, Jr., and C. H. WoobLinG

SUMMARY

A theoretical analysis has been made of the longi-
tudinal  behavior of an automatically eontrolled
supersonic  tnterceptor during the attack phase.
The control system used to control the intereeptor’s
Aight path was one in which a pitching velocity was
commanded in proportion to the longitudinal tracking
error.  Throughout the investigation the assumption
i¢ made that the target is flying on a straight-line
path.

Factors considered in this investigation included
effects of control-system parameters, effects of limita-
tions on control deflection and rate of control de-
Aection, effects of indtial tracking errors, effects of
nonlinear variations in drag and [ift with angle of
attack and Mach nwmber, effects of wonlinear varia-
tions in pitching moment with angle of attack,
effect of variations in interceptor forward velocity,
and the effect of a normal aceeleration limiter on
the system performance.

The control system considered in this investigation
was found to give acceptable control of the inter-
ceptor’s flight path during attack runs against a
nonmaneuvering target.

The tnelusion of a nonlinear variation of dray
and lift with angle of attack and Mach nuwmber
resulted in relatively large variations in the nter-
ceptor forward wvelocity during the atlack phase.
However, the effects of velocity changes on  the
overall responses during the attack phase were
considerably reduced when a signal proportional

S

to the change in forward velocity was fed back to
the elevator servo.
INTRODUCTION

In an interceptor research program engaged in
at the Langley Acronautical Laboratory of the
National Advisory Committee for Aeronautices,
one of the purposes was to evaluate the tracking
performance of a gupersonic interceptor equipped
with various types of automatic control systems.
The present paper is concerned with an analysis
of that phase of the problem wherein the inter-
coptor’s radar locks on, with an initial vertical
tracking error, to u bomber flving at a constant
velocity; only maneuvers of the intereeptor in
the vertical plane are required to carry out the
intereeption.  The results obtained from analysis
of this longitudinal phase of the general tracking
problem are intended to provide information
which will be useful in the synthesis of a satis-
factory longitudinal control system for the inter-
ceptor being studied.  The interceptor considered
in this investigation is similar to that analyzed in
reference 1, which has a notched delta wing of
aspect ratio 3.2 and 55° sweepback of the leading
edge.

For this investigation the intereeptor is assumed
to be 1lyving initially in level flight at a Mach
number of 2.2 at an altitude of 50,000 feet, and
the target is flying in level flight toward the
intereeptor at a Mach number of 1.4, at various
altitudes above 50,000 fect. No consideration

P Rupersedes reeently declassified NACA Research Memorandum L5¢ KOS by Ordway B, Gates, Jr., and C, H, Woadling, 1955,
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was given to the effects of altitude changes on
the interception problem discussed in this paper.

The guidance equations presented in this paper
are for a lead-collision type of navigation.

The results of this investigation are presented,
for the most part, in the form of interceptor and
kinematic responses subsequent to radar lock-on
and were computed on the Reeves Eleetronie

Analog Computer (REAC).

SYMBOLS
. . Drag
(' trim drag coefficient, —."
QAS
(' .
Co, :%J; per radian
[}
- . . Lift
(' trim lift coefficient, ——
QAS
L per radian
2 herr
- OC!
ol .
Oy, = OSL’ per radian
, pitching-moment coefficient,
Pitching moment
gSec
(g .
(', = o 2y per radian
¢ > 6c
21
) a( vIU M
o _» per radian
u D( " )
v
¢ .
., :ao—f—" s per radian
@ o

'

. of .
(,, =- .2, perradian
: al

o} e
o', .
.= .2 per radian
7”6( 06( p
v mean aerodynamice chord, ft

D differential operator, (—(Il_t

4 aceeleration due to gravity, ft/sec?

Iy moment of inertin about 17 stability axis,
slug-ft*

K tracking-loop gain constant, radians/sec/
radian

K, rate of pitch-feedback gain, radians/see/
radians/sec

K, clevator-servo gain constant, radians/radian

[see

M Mach number

M predicted miss distance, measured positive
from interceptor to target, ft

M.s component of A7 along the instantancous
line of sight, positive when target is shead
of rockets at predicted time of impact, ft

My.s component of M perpendicular to the in-
stantancous line of sight, positive when
target is below rockets at predicted time
of impact, ft

m mass of airplane, slugs

n normal acceleration, g units

q dynamie pressure, Ib/sq ft

R distance from interceptor to target along

line of sight, measured positive from
interceptor to target, {t

S wing area, sq ft

t time, sec

te time of flight of interceptor from instan-
tancous position to firing point, sce

u change in forward velocity, ft/sec

u relative change in forward velocity, {i

V forward velocity, {t/see

a angle of attack, radians unless otherwise
specified

¥ flight-path angle (y=6—a), radians unless
otherwise speeified

5, clevator deflection, radians unless otherwise
specified

5, =--8,

€; output of filter, radians

€y error in interceptor’s flight path at any

e Myps

given mstant, e, = _T;;?m"l+‘yk)7

6 angle of piteh, radians unless otherwise
specified

o angle between interceptor .Y body axis and

radar line of sight, positive when line of
sight is above body axis, radians unless
otherwise specified

T time of flight of interceptor’s rockets from
firing point to predicted point of contact
with target, sec

7y filter time constant, sec
T, clevator servosystem time constant, sec
Q angular velocity of line of sight, (2= +9),

radinns/sec; positive when line of sight is
rotating upward
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Subsceripts:

I interceptor

1 input

L limit

0 initial value
7 rocket

N steady state

T target
ANALYSIS

DERIVATION OF GUIDANCE EQUATIONS

The type of navigation or interception con-
sidered in this investigation is lead collision; that
is, the interceptor endeavors to flv a constant
flight path such that at only ene point on the
path the rockets of the interceptor may be fired
and a hit obtained on the target. The rockets,
subsequent to firing, fly a constant bearing course

with the target to the predicted point of impact.
The geometry of the attack problem is shown dia-
grammatically in figure 1. Generally, the vector
equation which must be satisfied is:

R4-Viltotn)=Vigt (Vi - Ver+M (1)

The components of this veetor equation along and
normal to the instantancous line of sight are:

R+Vi(te+7) cos (o+0—v7)
=[Vit o+ (Vi + V)7 cos (c+a)+ My

Vplte+) sin (e4+8—v7)
:["vlt(,“*—("]‘*'I'?R)TI Sill ((T'+—a>+i‘[xb\-
The target flight-path angle v, is taken as zero

when the target is in level flight going away from
the interceptor and is taken as = when in level

— — — — —~ — — — 4+ — — Horizontal

Interceptor

Fiaure 1.

Geometry of lead collision navigation used in present investigation for My 3=0,
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flight coming toward the interceptor. The equa-
tions may be rewritten in terms of the range, rate
of change of range, and angular velocity of the
line of sight as:

RA-R(tg+1)—Vir cos (o+a) =M

— Rt +7)—Vier sin (6+a) =Mys )
where

R=1,cos (6+0—v)— 1V, cos (¢4 a)

Ra=1V,sin (6+a)—Vpsin (c+0—vp)

The quantities R, o, 6, and « are defined as:

R=1,+ J Rt
U:UH‘J &(H:m,%—f (Q—6)dt

0: 0()’% l 9(“

a:aq.#'J adt

In practice, R, o, and ¢ would be available from
the radar; however, in the analog solution of the
problem these quantities were obtained from
actual integrations.

Certain simplifving assumptions were made in
this investigation.  The angles (¢-+8) and (o4 a)
were assumed to be small enough so that the
cosines and sines of these angles are equal to unity
and to the angle in radians, respectively. For
these assumptions

I =V7 [cos Yo+ (0+86) sin vy — 17
RA=V, (6+a)— V4 [(c+8) cos yp—sin y7]
and the guidance equations are

R+ R (to+1)—Vier =M

(4)

- ]‘)Q(IG+ T)* Var (0+a) =Myrs

The solution of equations (4) is accomplished by
computing continuously from the first of equa-
tionsg (4) the value of (¢,+7) necessary to make
Myps=0 and then, from the second of equations

(43, computing for this value of ({g+7) the value
of M. which will exist at (fg+7) seconds sub-
sequent to the instantancous time. The time at
which #.; i= enmputed to be zero is the firing point
for the interceptor’s rockets.  The time of flight
of the interceptor's rockets is 7, and throughout
this investigation is asswmed to be 1.5 seconds.
The cornmand {o the control system is based on
the errcr e, which exists at any time in the inter-
ceptor’s flight path, which for this investigation
is appreximated by the expression

€ A — ‘-‘[A'LS (5)
Y Vite+ (V- Vi)r '

The validity of the foregoing assumptions in the
guidance equations were checked by a digital
solutior  on the Bell Telephone Laboratories
X-66741 relay computer at Langley where the
exact giaidance equations were used.  This com-
parison is discussed in a subsequent section.

DISCUSSION OF FLIGHT-PATH CONTROL SYSTEM

The block diagram of the overall syvstem s
presented in figure 2. Briefly, the computed
quantity e, is filtered, amplified, and used as the
commaul to a pitch-rate command system.  The
dynami-s of the filter and elevator servo are
represented by simple first-order lag networks of

i
the form —— s and

1 .
(7.0 T respectively. The

[

transfer function is assumed to be repre-

D
sentative of a low-pass filter which in praetice
would I e necessary to attenuate the high-frequency
radar roise present in the computed command
sighal . However, no attempt was made to
include noise in the present investigation,  The
dynamics of the interceptor were obtained from
the lincarized equations of longitudinal motion.
For certain cases, these equations were modified
to include specifie nonlinearities.  All equations
used i1 the analysis and the analog schematie
diagrant are presented in the appendix, The
interceptor parameters and other constants used
in the analysis are presented in table 1. The
interceptor stability derivatives and mass param-
eters were obtained from unpublished data and
the results of reference 1.
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Target
motions m Il
A R G, o ! €y €r g-
Radar Computer }——* Filter K limiter
Interceptor ——m
motions
g, T
8 Elevator 8e a Q!
K servo Airfrome !

PR

L

L 4

Ficure 2.

TABLE I
STABILITY DERIVATIVES AND MASS
CHARACTERISTICS OF INTERCEPTOR AND
OTHER CONSTANTS USED IN INVESTIGATION

Altitude, ft__ _____ .. __ L 50, 000
Density p, slugsfea fe_ .- - . ___ 0. 0003622

oy fliseco oo oL e - Ll ol 2,140
Moo L Ll . 22
myslugs . L .. . ... 764
Ty, slug-ft2____ e s 2, 68105
g Whsq fto oo oL Lo o 826
¢, ft - - O, R 15
S,ysqfto Lo __ . . - . 401
(',,,q, per radian_ .. ____. I ool L. 284
Coyy pev radian. . C_._. = U586
Chge berradian. . o ... =028
C, 1y peT racian._ .. - § .. 0.00
Cp,,, per radian_ .. Ll Ll l.oLoo2029
Cp,, per radian_ ______ o o _.. 0. 156
Cp-_ . el el Ll ~ 0027
Cp o - I oo 0076
(V’"éf’ per radian__. . . ] Lo — 0. 295
('L6 , per radian . _ ~ 0. 165
Vg, fi/sce______ . - 2,000
Vop, ftfsec.____ e e el 1. 360
Tay SCCo_ oo . . Lo 0,03
Th SCCo oo [ . 0. 60
E P R s 1.5
Re, ft_ A _ - 60, 000
8q, radians . ____________ N - . - 0,033
oy, Tdians Lo . _ .. 0.033

Block diagram of the longitudinal tracking system used in present investigation.

RESULTS AND DISCUSSION

SELECTION OF SYSTEM GAIN CONSTANTS AND EFFECTS OF
VARIOUS AERODYNAMIC PARAMETERS ON
ATTACK PERFORMANCE

System gain constants,.—An investigation was
first made to determine values of the gain con-
stants A and K, for which the attack performance
of the interceptor would be reasonably satisfactory
as a starting point for the general study. The
servo gain constant K, is taken as unity through-
out. this analyvsis. Examination of the block
diagram (fig. 2) indicates that the forward-loop
gain is KK, and the feedback gain is K K; there-
fore, the assumption that A, equals unity imposes
no restrictions on the system gain constants or
performance.  From a theoretical analysis of the
open-loop frequency response v/e, and several
preliminary runs on the REAC, aceeptable values
of X and K, were found to be 3.0 and 0.375,
respectively.

For these values of K and K, tracking runs were
computed for 2,=60,000 fect, yz=m, and o,= 7.5°
and 15° and are presented in figure 3. For these
runs the interceptor motions were computed from
the linearized equations of longitudinal motions
presented in the appendix.  The responses shown
in figure 3 include the predicted miss distance
normal to the line of sight My, the interceptor



6 TECHNICAL REPORT R—193—NATIONAL AERONAUTIXS AND SPACE ADMINISTRATION

ag, deg
75
————— 15

600 -
& o=
< —
s -
I .~

~O e —— ——— -
~
g Y
£ =
& n
20 1 | ! I I JR—
0
> =10 \\\\\\\
ool L [ E S S S
0] 4 8 12 16
4, sec

Ficere 3. --Interceptor and kinematie tine histories for
K=3.0and K,=0.375.

normal acceleration n, the elevator deflection §,,
and the relative change in interceptor forwsrd
_av
- ‘YI‘O
defleetion was limited to £20° and the rate of
elevator deflection was limited to 4 120°/see. The
miss distance My,.s was started off-scale on the
REAC recorder in order to bring out more clearly
the characteristics of My in the vieinity of zero.
For all time histories presented in this paper, the
transient responses are plotted up to the time at
which the intereeptor’s rockets are assumed (o be
fired (t;=0). In view of the small angle assump-
tions made in deriving the guidance equations
(eqs. (4)), the quantity (t¢+7) is dependent only
upon the initial range f2;, target veloeity 17, rocket
velocity Vi, rocket time of flight 7, and interceptor
forward velocity Vi (1+u’); also, for small values
of w’, the parameter (te+7) varies linearly with
time.  For g,=7.5° the change in forward veloeity
is 0,07V, ,, the value of M5 at the assumed time
of firing is —30 feet, and the peak normal acceler-
ation is 7.6g.  For ¢,=15°, the change in forward

velocity (u’ For these runs the elevator

velocity is 0.141V7, 4, Myzs= —90 feet, and the peak
accelerntion is 7.89. For both values of o, the
maximim perturbation in « was about 0.28 radian,
but these transients are not presented.

The ugs.distonce My.s for neither of these runs
is zero at the end of the run, but this result is not
due to the choice of gain constants. These non-
zero velues of My can be attributed to the de-
crease in the interceptor’s forward veloeity during
the runs.  The interceptor is unable to maintain
a condition of steady tracking (n=0, My.s=0) as
long as the forward velocity varies since, for the
type of guidance considered, the interceptor must
fly a constant flight path with constant velocity
in ordcr for the thght-path error ¢, to be continu-
ously zero. For these runs, ¥’ never attains a
constant value and consequently My, s 18 not zero
at the assumed firing time,

Effect of nonlinear variation of drag and lift with
angle of attack and Mach number.—From unpub-
lished wind-tunnel tests made for a model similar
to the interceptor discussed in this paper, the
variation of the drag coeflicient 'y in the vicinity
of the tuterceptor’s trim angle of attack (a,=0.033
radian’ and initial Mach number (M;=2.2) was
found o be well approximated by the expression

24 /5.92
(1 —0.0144 2024 4 (59

1.58Y\ .
i T ‘

e (44
M?
and the variation of (', with Mach number in
this range was given by

]

5.0
M

(.= per radian

If Mach number effects on €7, and €y, are neg-
lected, these expressions become, for a,=0.033
radian and M;—2.2,

('p=0.027+0.156 Aa~+2.37(Aa)? ©
6

© 999 per radi
('p,=2.29 per radian
The expressions for () and ¢, , if only first-order
{ ) A
changes in 3 are considered, become
(p=0.0274-0.156Aa+2.37(Aa)*—[0.013

4013440+ 2.03 (Aa)e]%! -
¥4y \

Caf o AM
(,La_?zg(l—ﬂn
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Tracking responses were computed for K=3.0,
K,=0.375, ,=60,000 feet, and ¢,=7.5° and 15°
for the cases where equations (6) and (7) were
used for € and (7. The results are presented in
figures 4(a) and 4(b). Also shown in these figures
18 the ease for which AC, s assumed to vary
lincarly with Ae«, that is, A(7,=0.156Aa. For
a,=7.5° (fig. 4(a)), the change in interceptor for-
ward velocity is seen to be 0,07V, for the lincar
case, 0,131, when A7, varies nonlinearly with
Ac, und 0.14V; o when AC', varies nonlinearly with
Aaand A and (% varies with Mach number. For
the hnear case My, s— —30 feet, and for the non-
linear cases My = —501{eet. As pointed out previ-
ously, the nonzero values of My, are due to the
change in forward veloeity.  The stme general
trends are noted for o,=15° (fig. 4(b)), but the
changes in forward velocity for this value of o,
are much greater for each drag condition investi-
gated than were encountered for ¢,=7.5° Also,
the values of My,s ot the end of the run are
larger for this value of o, than for ¢,==7.5°.

Effect of feedback proportional to change in
forward velocity. —A possible means of climinating,

Lineor ACp, lineor Csz
_______ Nonlinear ACp [ACg = /(Au)], linear C;
———— - ——— Nonlinear AC, [8Cp =/ (Aa, AM))],

600 nonlinear C‘a [CL., = /(AM)]
9
z&
-6001|-
pd
B
o
-
-20
o
8
o
" -0 \““-‘_\
| %§
- L B W R | | )
¢] 8 12 16
1, sec

(:i) gy — 7.50‘

Fraure 4. -~Effeet of nonlinear drag and lift on intereeptor attack performance.

DATAHS 60 2

CONTROLLED INTERCEPTOR 7

or at least reducing, the value of AMy.s at the as-
sumed firing time is to feed back a signal to the
elevator servo proportional to the change in for-
ward veloeity, such that a positive pitching
moment is produced for a decrease in forward
veloeity.  Time histories are presented in figures
5(n) and 5(b) for ¢,=7.5° and 15°.  For these
runs, (7, varies nonlinearly with Ae and AM and
a feedback gain of 0.12 is utilized. For each
value of o, the predicted value of My.s 18 seen
{o be appreciably reduced. This type of feedback
requires a bias error in the flight path in order for
the interceptor to fly a constant flight path; but,
on the basis of the predicted value of Mypg pre-
sented in figure 5, this bias appears to be small.
For comparison, runs in which the change in for-
ward velocity was assumed to be zero are also
shown in these figures. Despite the fact that the
velocity changed considerably during these runs,
there appears to be no appreeciable difference
between the cases which ineluded the feedback
proportional to %’ in which forward velocity was
allowed to vary and in which velocity changes

600 -

J
J
- =
> =20} >\\\\
_ e
®) T —
-.40 1 | | | ! 1 Lo J
] ) 8 2 16
1, sec

(b) o - 15°.
K=3.0; K, 0.375; Ry=060,000 feet,
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.
—-— v’ equal to zero

600

0 .

My st

-600

n, g units
T
7

"3 -10t-

-.20

o
H°.

() ay 7.
Firauvre 5.

Effect of feedback proportional to change in intereeptor velosity on interceptor atiack performanee,
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H
|

n, g units

8, deg

ob— L L1 ol i O I S

> -20}

I 4 | | | I I
4 8 12 16
!, sec

_qoLl L
o]

(h) ap=15°.
KN—=3.0;

K,=0.375; Ry== 60,000 fe t.

were neglected. On the basis of these results, the
remaining runs presented in this paper were com-
puted with the assumption that velocity changes
ean be made to have a negligible effect on the
attack  performance of  the intereeptor
discussed.

Effect of variations in the pitching moment due
to angle of attack.—Recent results of wind-tunnel
tests of complete models have often indicated a
nonlinear variation of pitching moment with angle
of attack. Inorderto check, at least qualitatively,
the effeet of a nonlinear piteching moment, runs
were made for the assumed pitching variation
presented in figure 6(a). This variation of C,
with angle of attack is generally similar to the type
of variation obtained from wind-tunnel tests, but it
should be pointed out that the range of o for
which the pitching moment is nonlinear was arbi-
trarily selected on the basis that this range of « is
in the range likely to be encountered in this par-
ticular probleni.  The results for this variation are
presented in figure 6(b) and afford a comparison
between the linear and nonlinear cases.  For these

being

runs K =3.36, K,=1.0, ££,=60,000 ft, and ¢,=
7.5°.  The altitude and Mach number of the inter-
ceptor end target are the same as before.  The
most siznificant effects of the assumed nonline-
arity appeared to be reflected in the My, #, and
5. transients and hence these are the variables
presentcd in figure 6(b). The maximum normal
acceleration is about 9¢ for the nonlinear case as
comparcd with approximately 7¢ for the linear
case. " ’he nonlinear case also shows that there is
considerable overshoot in the My ¢ transient, and
the 8, riotion is rather irregular. It should be
noted, 1owever, that this assumed nonlinearity
does not prevent the predicted Mypg from being
approxi nately zero at the assumed time of firing.
The results obtained for this assumed pitching-
momen! variation are n agreement with those
which would have been intuitively expected. The
slope ol the pitching-moment curve (fig. 6(a)) 1s
seen 1o decrease in magnitude as the angle of
attack increases, and finally reverses its sign.
The general effect of reducing €', is to reduce the
svstem spring constant in pitch and hence to
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Fraure 6.—1ffect of nonlinear pitehing-moment. coefficient
with angle of attack on interceptor attack performance,

-
o= 7.H°.

increase the static sensitivity between pitching
velocity (or normal acceleration) and elevator
deflection.  This effect is reflected in the larger
normal acceleration for the nonlinear case.

GENERAL EFFECT OF CONTROL-SYSTEM PARAMETERS AND
INITIAL CONDITIONS ON ATTACK PERFORMANCE

Tracking runs were computed and the results
indicate the general effect on the system per-
formance of variations in the gain constants and
other system parameters. The comparisons are
presented in the form of time histories and in the
form of summary plots which indicate the effect
of the vartous quantities on factors such as rise
time, response time, and maximum overshoot with
respect to the miss distance Mg, and maximum
normal acceleration encountered during the run.

In this discussion, the rise time is defined as the
time required for My.¢ (o reach initially the point
of zero miss and the response time is defined as the
time for My,s to reach and remain less than 30
feot.

Effect of the tracking loop gain K.—The effect
of the gain constant K on the system performance

= ro
.7

is shown in figure 7 for values of ¢, equal to 7

and 15°.  The results are presented for A=3, 5,
and 9. For these cases the initial range was

60,000 feet and the feedback gain K, was equal to
0.375. The effect of K is seen to be essentially
the same for both values of . As the gain is
increased the system becomes more and more
oscillatory and for K=9.0 the My, response is
probably unsatisfactory for both wvalues of op.
The effects of K with respeet to the rise time, the
response time and overshoot of the My ¢ transient,
and the maximum normal acceleration encountered
are summarized in figure 7(¢) for ¢,—=7.5° and
15°.  As K is increased, there is only a slight
variation in rise time and peak acceleration, which
is due, to a large extent, to the fact that the
clevator reaches its maximum deflection of —20°
very quickly and remains at that deflection for a
time dependent upon A and o, As A is inereased,
the response time tends first to deerease and then
to become large as A is further inereased. The
response time for K 9 and ¢, -15°% is not shown,
since for this combination of A and e, My«
never reaches the condition where it remains less
than 30 feet. For both values of o, the over-
shoot in AMy,¢ increases progressively with in-
creases in K.

Effect of rate feedback gain A,.- For K=3.0,
oy=7.5°, and I,=60,000 feet, results are pre-
sented In figure 8(a) for values of K,=0, 0.20,
0.375, 0.60, and 1.0. For K,=0 the responses are
seen to be rather oscillatory. As K, is increased
the system becomes more stable, but the over-
shoot in My,s 1s seen to increase with increases
in K,. These effects are due to the fact that, as
the interceptor is stabilized, its response to control
inputs becomes slower and results in an inerease
in the My.s overshoot. A summary of the effects
of K, on the My, transient is presented in figure
8(b). TInelusion of the pitch-rate feedback tends
to reduce the response time and overshoot of
Myrs and, in addition, to eliminate the oscillatory
condition which exists for A,=0; but for values of
K, greater than 0.375, the overshoot is larger than
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Fraure 7.

for K, 0. There is seen to be a relatively negli-
gible effect of A, on the rise time because, as
mentioned previously, 8, is at its limit of —20° at
the beginning of the run and the rate feedback
is ineffective during the carly portion of the run.

Effect of initial error in . —For A=3.0, K,=
0.375, and I;=60,000 teet, several runs were made
to evaluate the ability of the system to score a
hit as the initial error in ¢ is increased. The
value of ¢ actually reflects the altitude difference
and the horizontal distance between the inter-
ceptor and target; at the beginning of the run the
altitude difference is given by the expression
I sin{o,+6,). Results are presented in figure 9
for ¢,=2°, 7. 10°, 15°, and 20°. As o) is
increased, the time which elapses between reaching
the correet flight path (My,s==0) and the firing
point becomes less and less, until for ¢,=20° the
interceptor is unable to reduce My to zero.
The maximum allowable initial value of ¢4 18 a
function of the range and the maximum accelera-
tion that the airplane can pull. In the present

o
0,

Etfect of tracking loop gain A on intereeptor attack performance.

KN, 0.375; Ro= 60,000 feet.
system for 8, = —20° n, is approximately 5¢.

Presented in figure 10 is a plot of the initial
range fiy against the maximum initial ¢, for which
the present svstem could  score a hit. This
curve was obtained from a simultaneous solution
of the equations

v \
V,J ’ Cos (@) dt+ (V- V)T cos|y(te)]
0
—Vyeos VT(tG+ ) =1 cos (oo+0,) L (8)
v
1',J Ly (O (V4 Vel sin [y (f)
1
A‘YT si ITT(tG+T):[:[‘ Sill (U()‘J{‘gu) J

for the case where v,=m. Kquations (8) relate
the horizontal and vertical distances traveled by
the int-reeptor, rockets, and target to the hori-
zontal and vertical distanees which exist between
the interceptor and target at t=0. If these
equations were satisfied, a hit would be obtained.
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The function () was calculated from the longi-
tudinal equations of motion for a step input on
8,— —20°, which is taken as the maximum value
of &, throughout these caleulations.  Also pre-
sented in figure 10 1s the variation of Iy with

oo which was caleulated on the assumption that
(1) =~(0)+~t. The value of ¥ uvsed in this
expression is the steady-state ¥ due to an elevator
defleetion of —20°, and it was assumed that the
airframe atiained this output immediately upon
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attack performance.

Effeet of piteh rate feedbaek on interceptor
K -=3.0; R,—60,000 feet.

application of control.  The results obtained for
this simplified approach to the problem are seen
to be substantially the same as those obtained
when the more exact approach is used. The
curve indieates that for £2,-= 60,000 feet the largest
ae which can be used is approximately 22°. As
a check, runs were made for a large value of K
(in order to keep 8,=(4,). for the entire run)
and the results indieated that o,=20° was about
the largest value which could be tolerated.

In order to obtain a hit for £,=60,000 feet and
oo ~22°, the required time of flight of the inter-
ceptor from its initial position to the assumed
firing point is seen from figure 10 to be 168
scconds,  This explains the difference between
the maximum allowable ¢, indicated by figure
10 and the value obtained from the REAC
results.  For the REAC runs, the simplifications
made in the guidance equations eliminated the
dependence of (fg--7) on oy; and for the initial
range f2,=60,000 fect, ¢, is equal to 14.8 seconds,
Actually, t; for the REAC runs was slightly less
than 14.8 seconds, since 12, was closer to 59,000
feet due to voltage limitations on the REAC.

7

My, s rise time, sec

g 20O
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(b)

Peok normal ccceleration,

o
o

s
o

W

(b) Summary plots.
F1grre 8.-—Coneluded.

A check was also made for £,=30,000 feet and
the result also agreed well with the curve of
figure 10,

Effect of filter time constant r,.—The effcet of
7, 18 illustrated in figures 11(a) and 11(b) for
7,=0, 7.30, 0.60, and 1.20 seconds. For these
runs F'=3.0, K,=0.375, ¢,=2° and 7.5°, and
,=60.000 feet. As 7, Is increased from 0 to
1.20 sceonds, the initial response in My, is seen
to beceme progressively slower, which is due to
the increased lag between the initial command
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Fioure 10.--Combinations of Ry, ¢4, and tg for which a
hit may be obtained in this investigation, (ay==6;=1.9°;
yr=m.)

ey and the response of the clevator motion; there
is also secen to be an appreciable overshoot in
the Myps response for 7,=1.20 seconds for the
same reason. The effeets of 7, on the My,
are summarized in figure 11(¢) for e,=2° and
7.5°.

The values of ¢, chosen to illustrate the effeet
of 7, have no special significance, but were used
only on the basis that the results obtained for

these values of ¢, were typical of the results
obtained for all values of ¢, up to the maximum
allowable value for £2,-- 60,000 feet. The same
statement. may be made concerning the values
of ¢, used in the subsequent seetions.

Effect of servo time constant r,. The effect of
the servo time constant =, 15 demonstrated in
figure 12 for ,—0.03, 0.10, 0.20, and 0.30 second.
The cases presented are for K=3.0, K,=0.375,
ay—2°%, and R,=60,000 feet.  As 7, s increased
from 0.03 second to 0.30 second, the most im-
portant effeet is that the overshoot in the Ay,
response is seen to become larger, but at the as-
sumed firing point. the miss distance is zero in
cither case.  The effects of 7, on the My ¢ response
are summarized in figure 12(h).

Effect of control-surface limitations.—The
effects of limitations on the rate of control-surface
deflection and  the magnitude of the surface
deflection were investigated briefly for K=3.0,
K,=0.375, and £R;=60,000 f{eet. All of the
results presented in this paper up to this point
were obtained for the condition where 8, was
limited to + 120%sec and 8, to +20°, The effect
of reducing the maximum value of 8, to =+ 60%/se¢
and +30°%see for this tracking run may be scen
from figure 13(a). For these runs a4= 10°. The
limiting control defleetion was kept at  +-20°.
The effect on this run of reducing (8,);, was 1o
reduce slightly the peak normal aceeleration as
(8,), is reduced from +120°%/sec to +30°/sec.
This reduction in acceleration causes a slight
increase in the rise and response time of My,
but it may be concluded that, at least for this
case, the effects of limitations on the rate of
control deflection were small.  However, for
cases where higher values of K would be required
(for example, a maneuvering target) the effeets
of rate limitation would probably be much more
important and should be investigated thoroughly.
The effects of limiting 5, on the My responses
are summarized in figure 13(b).

Several runs were made for the case of (8,),
= +120°%/sce and (8.), reduced from £20° to
4+10°%; the results are presented in figure 14.
For these cases oy is equal 1o 5°. The general
effect. of reducing the control deflection limits
from 20° {o 10° is {o reduce the peak normal
acceleration of the interceptor, and hence the
rise and response time of the My response.



14 TECHNICAL REPORT R~19 ‘NATIONAL AERONAUTIZS AND SPACE ADMINISTRATION

(a) Time history; oy - 2°.
Firavne t1.

The maximum ¢, for which My.s can be reduced
to zero is directly dependent on the limit im-
posed on g,.

Effect on tracking of limiting the command §,.
Sinee  the result obtained from  filtering  and
amplifying the error signal e, is used as the com-
mand to a pitch-rate command system, this
command should be limited if it is desired to
limit the interceptor’s normal aceeleration from
acrodynamic, pilot comfort, structural, or other
considerations.  The  normal  acceleration  re-
sponse 10 8, 1s given by

@ o

Henee the steady-state normal acceleration can
be limited to any desired value by limiting the
imput command §,.
considered

For the interceptor being

(:)L(ao)i K}K\‘:zfjsl"}%fki

Effeet of filter-time constant 77 on interceptor attack perforinance,

Tf, sec
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(h) Time history: oy - 7.5°.
K-=3.0; K, 0.375; Iy 60,000 feet.

and, in general,

,'f) W
6/ g

Therefore,

(6= (1),(4.85+K,) {—’ (10)

If 4, is limited by this expression, it should be
pointe 1 out that only the steady-state n is being
Limited. by use of this expression.  The effective-
ness o limiting the output transient aceeleration
by this method depends primarily on the response
characteristics of (n/8;). 1 the system gains are
choser 1o give a fast response of » to 4, with little
or no vershoot, this means of limiting »n should
be satisfactory.  The results presented in figure 15
afford a comparison of the cases for which there is
no g-limiter and for the case where ¢ is himited
by equation (10). For these cases K=3.0, K,
=0.375, 1,=60,000 fect, o,-=15° and (n),— 5g.

The irframe  steady-state  normal-acceleration
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response to the limiting value of §, is approxi-
mately 4.9¢: henee, the unlimited ¢ ease and the
case of (1), =5y should oscillate about the same
value when 8, =(8,),.  As can be seen, the peak n
for the unlimited ease is roughly 8. When (6,),
1s limited by equation (10), the peak ¢ response is
reduced roughly to 6.5¢.  The rise time of Myzg
I8 seen to inerease slightly when 4, 1s Hmited, but
the response time 1= Tess than that for the unlimited
case,

Digital check on validity of simplified guidance
equations. -In order to cheek the validity of the
small-angle assumptions made in the guidance
equations (see previous section entitled “Deriva-
tion of Guidance Equations™), a solution, using
the exact guidance of kinematic equations, was
obtained from the Bell Computer for comparison
with the REAC tracking solutions which utilized
the simplified equations,  This  comparison is
presented in figure 16 for the case of ¢,=7.5°,
Ry—60,000 feet, A=3.0, and K,=0.375, and the
agreemett is seen to be exeellent.

M/VLS overshoot, ft

MIVLS rise time, sec
;

200 - /

MNLS response time, sec

Peak normal acceleration, ¢ units

[&Y)
|
|

g, 5€C

(b) Sumumnary plots.

Figure 12.—Concluded,.
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CONCLUSIONS

The following conclusions were reached from a
theoretical investigation of the longitudinal track-
ing behavior of an automatically controlled inter-
ceptor against a nonmancuvering target:

1. The control system considered in this inves-
tigation (i.c., command on rate of piteh propor-
tional to longitudinal tracking error) was found
to give aceeptable control of the interceptor’s
flight path during attack runs against a non-
maneuvering target.

2. The inclusion of a nonlinear variation of drag
and Nift with angle of attack and Mach number
resulted in relatively large variations in the inter-
ceptor forward veloeity during the attack runs,

3. The changes in forward velocity computed
for the runs in this investigation, although rather
large, had a relatively small effect on the overall
responses when a signal proportional to the change
in forward velocity was fed back to the elevator
SCrVo.

4. Consideration of a nonlinear variation of
pitehing moment with angle of attack which
tended toward statie instability at high angles of
attack indieated that its primary effeet was to

8r

My, s rise time, sec
Q

6 - L
200
2
I3
< O —0
o
>
o
2
(3
b3
0 R !
v
L
w
o
£ 12
3
[
)
a
'd
z
o R
2
3

(b)

Peak normal acceleration,
g units

0 60 120
(59)L, deg/sec
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Fraure 13.—Coneluded.

inerease  the magnitudes of the
motions during the tracking runs,

5. The general effeet of inereasing the tracking
gain A was to destabilize the tracking loop.

6. Increases in the rate-feedback gain K, tended
to stabilize the intereeptor’s longitudinal short-
period oscillation, but had a destabilizing effeet on
the tracking loop.

7. The maximum initial angularity between the
interceptor's flight path and radar line of sight for

interceptor’s
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which 1 hit ean be obtained ean be well approxi-
mated ‘rom the initial range and normal aceelera-
tion capabilities of the interceptor.

8. Increases in cither the filter time constant
7, or the servo time constant 7, had an adverse
effect on the attack performance beeause of the
increased lag between the input command and
the clevator motions.

9. T e effects of limitations on the rate of con-
trol dedection did not appear to be large in this
investi;zation for the limiting rates considered.

10. he general effect of limitations on  the
magnitude of the control deflection was to slow
down the interceptor’s responses, and hence the
maximm initial tracking ereor which can be
tolerated decreases as the limits on elevator de-
flectior are reduced.

11. Limiting of the interceptor normal accelera-
tion wi s achieved by limiting the input command
on pitching velocity, which effectively limits the
interceator’s steady-state normal acceleration.
LancrLiy REesgarcy CENTER,

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION,

La<cLEY Fiewn, Va., October 22, 1954.



APPENDIX

EQUATIONS USED IN ANALOG OF TRACKING PROBLEM AND ANALOG SCHEMATIC DIAGRAMS

All equations used in this investigation are pre-
sented in this appendix.  The equations are pre-
sented in both general form and with numerical
substitutions for the parameters in table 1. It
will be noted that certain of the equations pre-
sented in numerical form have been multiplied by
constants, These constants were used in order to
adjust the REAC voltages to satisfactory levels in
the analog procedure.

Lincarized airframe equations (¥, ,=0):

0:(!111 .77(;7 gﬂ '_E—('m x 9 W(:# QSJ 3 )
2V, Iy «2V,, Iy
. gSe LogNE ,qSc
"(m Ty (m - . (rm """"" f’/
+ I, at+(, , I, s I, )
Y S
a=0—1(7, qb," a—2(7, ,(1 o’
mV;, ml; A1)
A P
L'Sz In"’] ) ¢
S DY & (IS ’ ' (I‘S‘
R AR S B A
" P mvV,, “mV,
. qS .S
_ i
PV, T E v,

It will be noted that (',,15(’, ('La"’, and §,” appear
in these equations rather than ¢, ¢, and §,.
¥ (3

The relations exist that

56’: _52

vy v
( ", —_(”15
2 ¢

] ’ Y
Ls :_(VLJL
. .

This convention is adopted in order that the true
physical phase relationships of the pitch-rate com-
mand loop be obtained for positive gain constants,

Control equations:

. € €
qzl_l
Ty Ty

9i:Kef

8 =K, QL_K’O)_&,J

(A2)

Ts Ts . Ty

Kinematic equations (simplified, v =}
Vigr—R A

R=—V,—1,

RA=V (6+a)+V7(c+8)
Mypo=—RQUt o+ 1)—Vgr(o+a)
— o Mas
Viltetr)+ Ver

‘Y1i‘v1,u+ ‘vl‘nll,

€, =

v

/f:m,+J/;w (A3)

ata(,—{—Jd(/f

9:90'*—]9([{

a:m,+J(sz~9),/r
R

=g

S
For the parameters presented in table I, equa-
tions (A1), (A2), and (A3) take the following form:
Airframe equations:
§=—0.18456—0.01819¢ — 10.382a+- 5.4698,”
= 0—0.4565a—10.0303u" +0.0:3295,”
14
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Control equations:
2e, = 3.333 ey —3.33 3¢,
8, = Ke,
0.058,” == 1.6676,— 1.667K 6 —1.6675,

Kinematic equations:

3000— R
fore="
12 = —16,320— 12V,
20020 — 42,890 (g +a) 427,200 (¢ -+ 6)
— A M= 4RQ (t 1)+ 12,000 (6 +a)
—2M s

TV, (FatT)— 3000
2017, — — 42,800 —42 800u’

2e,

— I ﬁ«m.mo~J R dt

— 2 —0.()(5('»—‘.ZJ a dt

R—19—NATIONAL AERONAUT C8 AND

SPACE ADMINISTRATION

—f0=—0.033— [9 dt

a:a|,+J (Q—8) dt

—10R0

--10Q= R

The o and 8 appearing in equations (A3) are
total a and 6, whereas the o and 8 in equations
(A1) are perturbations away from the trimmed

condition. The solution was slowed down to the
extent that 2 seconds of machine time was
equivalent to 1 second of problem time. The

scale fscetors used were: 100 volts =100 seconds,
100 voits =1 radian, and 100 volts =60,000 feet,

The analog schematics of equations (A1), (A2),
and (A3) are presented in figures 17(a), 17(h),
and 17{¢), respectively.
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